The table of irregular primes less than 30000 has been computed and deposited in the UMT file. The fraction of irregular primes in this range is -1/2 0.3924, close to the heuristic prediction of 1 -e ' . Fermat's Last Theorem has been verified for all prime exponents p < 30000, and the cyclotomic invariants u , X , and v of Iwasawa have been completely determined for these primes. The computations show that for p in this range, p = 0 and the invariants X and v both equal the index of irregularity of p.
We have now managed to complete the table of irregular primes to 30000. This entire table, together with several other important tables which depend upon it, has been deposited in the UMT file. These latter tables involve a test for Fermat's Last Theorem, an examination of the numerators of the Bernoulli numbers, and the determination of the cyclotomic invariants of Iwasawa.
We use the "even-index" notation for the sequence of Bernoulli numbers, Bn.
If p is an irregular prime and p divides the numerator of the Bernoulli number B2k for 0 < 2k < p -1, we shall refer to (p, 2k) as an irregular pair. For a given prime p, the number of such pairs is called the index of irregularity of p.
Fermat's Last Theorem. Various numerical tests have been devised to verify
Fermat's Last Theorem in the case of an irregular prime exponent. Kummer himself worked on the irregular case and claimed a proof of the Fermât conjecture for the three irregular primes < 100. His theoretical results were later questioned and corrected by Vandiver [20] , [21] , [22] . With the advent of digital computers, the work of Vandiver led to the following criteria for the irregular case:
Theorem [12] . Let p be an irregular prime, and suppose P = rp + 1 is a prime satisfying P <p2 -p. Let t be any integer such that f p 1 (mod P). For an irregular pair ip, 2k), form the product Q2k = rrd'2 fl <fb -DbP^~2\ 0=1 where m = ip -1)12 and d= 2™=1np~2fc. // Qr2k Í 1 (mod P) for all such irregular pairs, then Fermat's Last Theorem holds for exponent p.
We have used the theorem above to verify the Fermât conjecture for all prime exponents p < 30000.' The numerical results are included in the table deposited in the UMT file. In all cases, it was sufficient merely to use t = 2 and the minimal prime P with the required properties. While such primes P readily occur with values of r quite small compared to p, the existence of even one such P has not been proved. Our most surprising discovery to date has been that ip, p -3) is in fact an irregular pair for p = 16843. This is the first and only time this occurs for p < 30000. In addition, we found in our range that (p, p -5) is an irregular pair for p = 37 only, (p, p -9) is an irregular pair for p = 67 and p = 877 only, while there is no example of an irregular pair of the form ip, p -7). It has been known for a long time that consecutive irregular pairs (those of the form ip, 2k) and ip, 2k + 2)) occur for p = 491 and 587. We found no other examples of this for p < 30000. Thus there are no known examples of three or more consecutive irregular pairs, a situation that must exist if the Fermât equation is to have a nontrivial solution in the first case.
3. The Distribution of Irregular Primes. Siegel [19] , basing his argument on the assumption that the residues of the Bernoulli numbers are randomly distributed mod p, predicted that the ratio of irregular primes to primes approaches the limit 1 -e~1'2 = 0.3935. This limit was also mentioned by Lehmer [11] We found only two primes, 12613 and 15737, which have index 4, and none with index > 5, confirming the report of Selfridge and Pollack [18] . It is likely that the index is unbounded over all primes p, although this has not been proved.
One might hope to prove that there are infinitely many irregular primes of index > 2, but no proof of this is known either.
Montgomery [16] , extending Jensen's theorem, proved that there are infinitely many irregular primes not congruent to 1 (mod N) for any modulus N >3. No modulus N > 3 is known for which we are certain that the residue class of 1 (mod AO contains infinitely many irregular primes, although Mets'ánkyfá [13] has shown that this is true for either N = 3 or N = A. Metsänkylä [15] has also proved that for N> 3 there are infinitely many irregular primes not congruent We did not find an example of an irregular pair ip, 2k) for which p2 divides the numerator of the Bernoulli number B2k. In fact, all of the properties of the Bernoulli numbers reported previously by the author [9] remain true for the irregular primes p < 30000. The table of [9] , which is only partially presented there, has now been completed to 30000, and the results are included in our table deposited in the UMT file.
The Cyclotomic Invariants of Iwasawa. If p is an odd prime and Fn
denotes the cyclotomic field of p"+1th roots of unity over the rational field, we let pe(-"' be the exact power of p which divides the class number hn of Fn.
Iwasawa [4] has shown that there exist integers pp > 0, Xp > 0 and v such that e{n) = pppn + \n + vp for all « sufficiently large. It is known that p -X = v = 0 for a regular prime p. Iwasawa and Sims [7] computed the cyclotomic invariants pL., \,, and v and completely determined the structure of the p-Sylow subgroup of the ideal class group of Fn for the irregular primes p < 4001. Their computations imply that p = 0, while Xp and v both equal the index of irregularity of p for all such primes p. We have now completed these computations to 30000, and the results of Iwasawa and Sims remain true for these primes. The complete numerical table of [7] for the irregular primes p < 30000 is included in our table deposited in the UMT file.
The theoretical results of [7] depend upon the assumption that the irregular prime p does not divide the second factor +h0 of the class number h0 of F0 (even though p divides h0). It is pointed out in [17] that this assumption is true if the numerical test cited previously for Fermat's Last Theorem is satisfied. Our successful completion of this test for the irregular primes less than 30000 justifies the application of the theory of [7] to these primes.
We now describe some results which we used to extend the time-consuming computations of [7] to 30000. For 1 <a <p -1, let v{a) denote the unique p-adic {p -l)st root of unity such that iAa) = a (mod p). We denote the p-adic The highly efficient recursion formulas which appear in [7] were used to calculate the inner sums above indexed by b.
The fact that b, is nonzero for all the irregular pairs (p, i + I) of our table implies that p = 0 for p < 30000. The author [8] , [9] has previously shown that p = 0 for p < 8000 using other criteria. The tables of these papers have also been continued to 30000, giving us further verification that p = 0 for p < 30000. The complete results of these computations are included in the table deposited in the UMT file.
It should be noted that Iwasawa [5] and Metsankyla [14] have shown that p <ip -l)/2 for the cyclotomic T-extensions defined above. Also, Iwasawa [6] has found a whole class of other T-extensions for which the corresponding invariants p ate not only positive but assume arbitrarily large values.
5. The Computations. All of the computations reported here were performed on the PDP-10 computer at Bowdoin College. Lengthy computations were done overnight when there was little demand on the time-sharing system. The programs were written in FORTRAN for the most part, but certain subroutines were rewritten in assembly language (MACRO) when it became clear that this could significantly reduce the execution time. For a single prime p near 30000, it took close to 22 minutes on the PDP-10 to test for irregularity and to determine all the irregular pairs ip, 2k).
For such an irregular pair, it took nearly two minutes to complete the calculation for Fermat's Last Theorem, one minute to perform the calculations of [9] (including a long check), and less than 3xh minutes to determine the values of a2 and bx.
We used the criteria of [12] to search for the irregular primes. Checks for irregularity were inserted wherever possible in later programs. In the computation of ôp for example, we used Eq. to verify the irregularity of the pair ip, i + I). Another check for irregularity is described in [9] . If we take i = 1 and B2 -116 in the equation above, we obtain the congruence 48 Z avia). = 1 a = l (mod p).
